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Abstract
We investigate spectrum of open strings on D-branes after tachyon condensation in
bosonic string theory. We calculate 1-loop partition function of the string and show that
its limiting forms coincide with partition functions of open strings with different boundary
conditions.
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1 Introduction
The study on unstable D-brane systems in recent years has taught us many new aspects
of string theory [1]. It is believed that the unstable D-brane systems decay into the per-
turbative vacuum of closed strings or lower dimensional stable D-branes. The occurrence
of such phenomena has been shown by some analyses [1][2]. These phenomena are un-
derstood in terms of tachyon condensation, i.e. condensation of open string tachyons.
In other words, these researches have clarified the mechanism of the stabilization of the
tachyons. The occurance of the tachyon condensation had also been investigated in [3].
Some of the unstable D-branes can be described by a class of worldsheet theory [4]
whose action contains a boundary term representing the effect of the tachyon as well as the
bulk action. In general, the boundary term can be regarded as a relevant parturbation, so
the condensation of the tachyon can be studied by analyzing the renormalization group
flow induced by the boundary term. The simplest choice of the boundary term is
u
∫
∂Σ
dξ X(ξ)2. (1.1)
Since the worldsheet theory with this term remains a free theory, some exact results can be
extracted from this theory. One remarkable example is the result obtained by boundary
string field theory [5] which enables one to derive an effective action of spacetime fields
from the disk partition function of the above theory. The exact value of the D-brane
tension is also obtained. For this purpose, it is suitable to compactify the theory on S1
and this leads one to the study of an integrable system [6].
To identify the decay remnants as D-branes, it should also be checked that the physical
degrees of freedom on the remnants coincide with that of the open string on D-branes.
This has been considered in [7] by using toy models which capture some properties of the
unstable brane system.
In this paper we argue this problem in terms of the worldsheet theory perturbed by the
boundary term introduced above. The spectrum of an open string can be obtained by cal-
culating 1-loop (annulus) partition function. We perform the calculation of the partition
function including the boundary term (1.1) and show that this connects continuously the
partition functions of open strings with different boundary conditions. Similar analyses
on the effect of boundary terms have been done [8]. Thrust of this paper is to show a
connection between the Neumann-Neumann (NN) strings (or the Dirichlet-Dirichlet (DD)
strings) and the Neumann-Dirichlet (ND) strings as well as between the NN strings and
the DD strings. They are shown by explicitly deriving their partition functions as limiting
forms of the same function.
This paper is organized as follows. In section 2 the effect of the boundary term (1.1) is
shown in view of classical solutions. To obtain the 1-loop partition function, we calculate
in section 3 the Green’s function on annulus with appropriate boundary conditions. This
is used to obtain the partition function in section 4. A possible extension and a suggestion
of this result to the structure of string theory are discussed in section 5.
2
2 Classical solution
The phenomena of tachyon condensation in bosonic string theory can be described by the
following very simple action [4].
S =
1
4piα′
[∫
Σ
dτdσ ∂aXµ∂aX
µ +
∫
∂Σ
dξ
25∑
ν=p
uν(X
ν)2
]
(2.1)
ξ parametrizes the boundary ∂Σ of the worldsheet Σ. The couplings uν increase along the
renormalization group flow, and in the IR limit (uν → +∞) the second term of the action
(2.1) imposes Xν = 0. So the Neumann boundary condition in the UV limit turns into
the Dirichlet boundary condition in the IR limit. This indicates the decay of the original
D25-brane into a Dp-brane at xν = 0.
This can also be seen by solving the equation of motion, taking into account the
boundary term. To see the effect of the boundary term, we discuss the following situation.
Let us consider two Dp-branes and an open string stretched between them. If one of the
Dp-branes decays into a D(p−1)-brane, one of the coordinates of the open string will
obey the Neumann-Dirichlet condition (i.e. the Neumann condition at one end and the
Dirichlet condition at the other end) after the decay.
We will focus on the coordinate X along which the Dp-brane shrinks. The solution of
the equation of motion is as follows,
X(z, z¯) =
∑
λ∈Λ
(aλz
−λ + a˜λz¯
−λ) (2.2)
where z = eτ+iσ and τ, σ are the worldsheet coordinates. The scalar X must satisfy the
boundary conditions {
∂σX = 0, (σ = 0)
∂σX + uX = 0. (σ = pi)
(2.3)
These conditions are satisfied if all λ’s are solutions of the following equation.
λ tan(λpi) = −u (2.4)
This equation can be easily solved when u = 0,+∞ i.e. UV and IR limit.
λ ∈
{
Z (u = 0)
Z+ 1
2
(u =∞) (2.5)
So one can see that the NN string (integral moding) turns continuously into the ND string
(half-integral moding) as u increases.
In principle, one can calculate, for example, 1-loop partition function with general u
by quantizing the open string coordinate (2.2). However, solving the eq.(2.4) is difficult
in general u. Moreover the λ’s are not at regular intervals, so the calculations will be very
hard. In the following sections, we will take another way to calculate the 1-loop partition
function.
3
3 Green’s function on annulus
In this section, we calculate Green’s function of the scalar field X on annulus A [9].
A = {z ∈ C | r ≤ |z| ≤ 1} (3.1)
r is related to the modulus of the annulus.
Again we consider an open string stretched between two Dp-branes. Then each end
of the string interacts with tachyon field on each Dp-brane. Therefore the action of the
open string has, in general, different boundary term for each boundary of the annulus A.
This corresponds to imposing different boundary condition on the Green’s function for
each boundary.
The Green’s function G(z, w) we would like to find is the solution of the equation
− 1
piα′
∂z∂z¯G(z, w) = δ
2(z, w), (3.2)
satisfying the following boundary conditions[
z∂z + z¯∂z¯ + u
]
G(z, w)||z|=1 = 0, (3.3)[
−r−1(z∂z + z¯∂z¯) + v
]
G(z, w)||z|=r = 0. (3.4)
u, v = 0 corresponds to the NN condition, u, v → +∞ to the DD condition and u =
0, v → +∞ (and u→ +∞, v = 0) to the ND condition. In addition, G(z, w) should have
the following properties.
G(z, w) = G(w, z)
G(eiϕz, eiϕw) = G(z, w) (rotation around the origin) (3.5)
We start with the following ansatz.
G(z, w) = −α
′
2
log |z − w|2 + a log |z|2 log |w|2 + b(log |z|2 + log |w|2) + c
+
∞∑
k=1
dk
{(
z
w
)k
+
(
w
z
)k}
+
∞∑
k=1
d˜k
{(
z¯
w¯
)k
+
(
w¯
z¯
)k}
+
∞∑
k=1
ek
{
(zw¯)k + (z¯w)k
}
+
∞∑
k=1
e˜k
{
(zw¯)−k + (z¯w)−k
}
(3.6)
This is, of course, a solution of the eq.(3.2). The boundary conditions (3.3)(3.4) are now
reduced to linear equations of the coefficients.
The condition (3.3) implies, for each k,
2a+ ub = 0,
2b+ uc = α′,
4
(k + u)dk + (−k + u)e˜k = 0, (3.7)
(−k + u)dk + (k + u)ek = α
′
2
(
1− u
k
)
,
(k + u)d˜k + (−k + u)e˜k = 0,
(−k + u)d˜k + (k + u)ek = α
′
2
(
1− u
k
)
.
The condition (3.4) means
2a
r
− 2av log r − bv = −α
′
2
v,
2b
r
− 2bv log r − cv = 0,(
k
r
− v
)
dk −
(
k
r
+ v
)
r−2ke˜k = −α
′
2
(
1
r
− v
k
)
, (3.8)
−
(
k
r
+ v
)
dk +
(
k
r
− v
)
r2kek = 0,(
k
r
− v
)
d˜k −
(
k
r
+ v
)
r−2ke˜k = −α
′
2
(
1
r
− v
k
)
,
−
(
k
r
+ v
)
d˜k +
(
k
r
− v
)
r2kek = 0.
These equations have the following solution,
a =
α′
4
uv
(
−u
r
+ uv log r − v
)−1
,
b =
α′
2
v
(
u
r
− uv log r + v
)−1
,
c = −α
′
2
(
2
r
− 2v log r
)−1 (
−u
r
+ uv log r − v
)−1
, (3.9)
dk = d˜k = (k − u)
(
k
r
− v
)
r2kfk,
ek = (k − u)
(
k
r
+ v
)
fk,
e˜k = (k + u)
(
k
r
− v
)
r2kfk,
where
fk = −α
′
2k
{
(k − u)
(
k
r
− v
)
r2k − (k + u)
(
k
r
+ v
)}−1
. (3.10)
5
4 1-loop partition function
From the Green’s function obtained in the previous section, one can calculate the expec-
tation value of the energy-momentum tensor. From the following OPE
∂X(z)∂X(w) = −α
′
2
1
(z − w)2 − α
′Tww(w) +O(z − w) (4.1)
where
Tzz = − 1
α′
∂X∂X, (4.2)
one can obtain
〈Tzz(z)〉 = − 1
α′
lim
w→z
[
∂z∂wG(z, w) +
α′
2
1
(z − w)2
]
= − 1
α′
1
z2
(
a−
∞∑
k=1
2k2dk
)
. (4.3)
Similar result can be obtained for 〈T¯z¯z¯(z¯)〉.
It is convenient to map the annulus A into rectangle R.
R = {ρ ∈ C | − pi ≤ ℜρ ≤ 0, 0 ≤ ℑρ ≤ 2pit} (4.4)
z and ρ are related as z = exp(ρ/t), where t = −pi/ log r.
The expectation value of Tρρ(ρ) on R is
〈Tρρ(ρ)〉 =
(
dz
dρ
)2
〈Tzz(z)〉+ c
12
{z, ρ}
= − 1
t2
[
1
α′
(
a−
∞∑
k=1
2k2dk
)
+
1
24
]
. (4.5)
The change of the modulus of the worldsheet corresponds to a change of the metric.
Therefore the variation of the 1-loop partition function Z with respect to the modulus
is proportional to the expectation value of the energy-momentum tensor. The precise
relation we need is as follows.
δ logZ = − 1
2pi
∫
d2ρ
(
δgρρ〈T¯ρ¯ρ¯(ρ¯)〉+ δgρ¯ρ¯〈Tρρ(ρ)〉
)
(4.6)
If the length t of the rectangle R changes by δt, the corresponding change of the metric is
δgρρ = δgρ¯ρ¯ = − 1
2t
δt, (4.7)
up to a rescaling of the metric.
6
Now we obtain a differential equation for the 1-loop partition function
d
dt
logZ(t) = −2pi
t2
[
1
α′
(
a−
∞∑
k=1
2k2dk
)
+
1
24
]
. (4.8)
Note that since the conformal invariance is broken at the boundary for general u and
v, the argument above might not be valid in general. Nevertheless, the equation (4.8) is
meaningful at least at the conformal limits of u, v which we would like to discuss.
Let us see whether the solution of the above equation reproduces the well-known form
of the partition functions for (i) NN string, (ii) DD string and (iii) ND string.
(i) NN string
This case corresponds to taking u, v = 0. In this limit,
a = 0, dk = −α
′
2k
r2k
r2k − 1 . (4.9)
Note that the singularity in the Green’s function does not appear in the eq.(4.8). The
partition function is
logZ(t) = −
∫
dt
1
t2
(
∞∑
k=1
2pike−2pik/t
e−2pik/t − 1 +
2pi
24
)
= −
∞∑
k=1
log
(
1− e−2pik/t
)
+
2pi
24t
+ const.
= − log η
(
i
t
)
+ const. (4.10)
Thus
Z(t) ∝ η
(
i
t
)
=
1√
t
1
η(it)
. (4.11)
This is the precise form including the zeromode contribution.
(ii) DD string
This case corresponds to the limit u, v→ +∞. Then
a =
α′
4
1
log r
, dk = −α
′
2k
r2k
r2k − 1 . (4.12)
In this case,
logZ(t) = −
∫
dt
1
t2
(
− t
2
+
∞∑
k=1
2pike−2pik/t
e−2pik/t − 1 +
2pi
24
)
= − log
(
1√
t
η
(
i
t
))
. (4.13)
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Thus the correct result
Z(t) ∝ 1
η(it)
(4.14)
is obtained.
(iii) ND string
The remaining case can be realized by taking u = 0, v → +∞ (the limit u→∞, v = 0
gives the same result). In this case,
a = 0, dk = −α
′
2k
r2k
r2k + 1
. (4.15)
From these data, one obtains
Z(t) ∝ e2pi/24t
∞∏
k=1
(
1 + e−2pik/t
)−1
=
η(i/t)
η(2i/t)
∝ η(it)
η(it/2)
= q1/48
∞∏
k=1
1
1− qk−1/2 . (q = e
−2pit) (4.16)
5 Discussions
The calculations we have performed will also be able to apply to superstring theory.
Consider an open string on, say, D9-brane in IIA theory. The spectrum of the open string
is the one without GSO-projection [10]. So the 1-loop partition function of the worldsheet
fermions in the NS-sector will be
Z ∝ TrNS qL0 . (5.1)
If the D9-brane decays into a D8-brane, the GSO-projection is imposed on the spectrum
and the partition function in the NS-sector becomes
Z ∝ 1
2
TrNS q
L0 +
1
2
TrNS(−1)F qL0 . (5.2)
The boundary term corresponding to this decay in the case of superstring is [11] [12]
u
∫
∂Σ
dξ
[
X2 + ψ
1
∂ξ
ψ
]
. (5.3)
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These terms depend only on one worldsheet fermion. Therefore they do not affect the
other fermions. In the case of bosonic string, the 1-loop partition function is just a
product of scalar partition functions. So the decay of D-branes can be described only by
the scalars corresponding to the directions along which the D-branes shrink. On the other
hand, the partition function of the fermions will not have such product form in general, as
seen above. So it seems difficult that the partition function with the boundary term (5.3)
connects (5.1) with (5.2) continuously. It is interesting to see how the GSO-projection is
imposed automatically in the IR limit.
The decay of the D-branes to lower dimensional BPS branes in superstring is also
interesting for the following reason. After the tachyon condensation, half of the physical
degrees of freedom on the original unstable brane disappears due to the GSO-projection.
This resembles the phenomenon which occurs in the decay of D-branes into the vacuum,
which is rather difficult to analyze. In this case all of the open string degrees of freedom
is assumed to disappear [13]. So discussing the former decay may be helpful for the study
of the latter decay and the physics around the minimum of the tachyon potential.
The calculation of the partition functions on annulus would be suitable for the study of
the brane-antibrane systems 1. The string which feels the existence of both D-brane and D¯-
brane is the one stretched between them. So the fundamental quantities for that system
would be annulus amplitudes. It will be natural to expect that an annulus partition
function with boundary terms corresponding to tachyon and gauge fields provides an
effective action of the spacetime fields if one can relate the partition function to the
spacetime action, as has been done for disk partition functions in boundary string field
theory [12].
It has been shown [5][6] that the tree-level calculation provides the correct value of
the D-brane tension. The form of the worldvolume is well described by the classical
solutions of the spacetime effective field theory of open string states [14]. And we have
shown in this paper that the correct spectrum on the D-branes can also be obtained from
the 1-loop calculation. These results seem to indicate that, at least in the bosonic case,
whole information on D-branes is “built-in” in the open string sector. The appropriate
open strings would appear by choosing the tachyonic background, rather than choosing
the boundary conditions of open strings by hand. If the same is true for superstring, it
might be that the inclusion of D-branes into the theory of superstrings is equivalent to
the inclusion of open superstrings without GSO-projection [15]. We hope that such a
viewpoint will be a guide to formulate the string theory.
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